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Abstract. Current numerical methods for assessingthe statistical sig-
ni�cance of local alignments with gaps are time consuming. Analytical
solutions thus far have been limited to speci�c cases.Here, we present a
new line of attack to the problem of statistical signi�cance assessment.
We combine this new approach with known properties of the dynam-
ics of the global alignment algorithm and high performance numerical
techniques and present a novel method for assessingsigni�cance of gaps
within practical time scales.The results and performance of these new
methods test very well against tried methods with drastically lesse�ort.
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1 In tro duction

Sequencealignment is one of the most commonly used computational tools of
molecular biology. Its applications range from identifying the function of newly
sequencedgenesto the construction of phylogenic trees [43,18]. Its importance
is epitomized by the popularit y of the program BLAST [1,3] which is currently
used300,000times a day on the NCBI's web site alone.

All alignment algorithms have the drawback that they will �nd an optimal
alignment and an optimal score for any pair of sequences| even randomly
chosenand thus completely unrelated ones.Thus, it is necessaryto assessthe
signi�cance of a resulting alignment. A popular approach to this problem is
to compare the scoreof the optimal alignment to the scoresgeneratedby the
optimal alignments of randomly chosensequences.This is quanti�ed by the p-
or E-value. This comparison steadily becomesmore important since with the
increasing size of the databasesthe probabilit y for obtaining a relatively large
scorejust by chanceincreasesdramatically.

In order to reliably quote a p-value, the distribution of optimal alignment
scoresfor alignments of random sequencesmust be known. In the caseof align-
ment without \gaps", it has been worked out rigorously [24{26] that this dis-
tribution is a Gumbel or extreme value distribution [20]. This distribution is
characterizedby two parametersthat depend on the scoringsystemusedand on
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the amino acid frequencieswith which the random sequencesare generated.For
gaplessalignment, the dependenceof the two Gumbel parameterson the scoring
system is completely known.

However, in order to detect weakly homologous sequences,gaps must be
allowed in an alignment [35]. Unfortunately , for the caseof gapped alignment,
there currently exists no theory that describes the distribution of alignment
scoresfor random sequences.However, there remainsa lot of numerical evidence
as well as a number of heuristic arguments that this distribution is still of the
Gumbel form [39,12,30,41,42,2]. Nevertheless,even assuming the correctness
of the Gumbel form, �nding the two Gumbel parameters for a given scoring
systemturns out to be a very challenging problem. The straightforward method
generatesa large number of alignment scoresby shu�ing the two sequences
to be compared and taking a histogram of this distribution. But, becauseof
the slow exponential tail of the Gumbel distribution, this method is extremely
time consuming.Thus, in practice, the two Gumbel parametershave to be pre-
computed for somefew �xed scoring systems[2,3].

Pre-computed Gumbel parameters have the disadvantage that they restrict
the user to a few scoringsystems(substitution matrices and gap costs) for which
the Gumbel parametershavebeenpre-computed.The necessity of pre-computing
the Gumbel parametersde�nitely becomesproblematic if adaptiveschemes,e.g.,
PSI-BLAST [3], are being used.Theseschemeschangetheir scoring system re-
cursively depending on the sequencedata they are confronted with and thus
have to be able to �nd the two Gumbel parameters after each update of the
scoring system.

To remedy this problem, a more e�ectiv e numerical method which estimates
the two Gumbel parametershas beenproposed[34,4]. There are also somean-
alytical approximations [31,37,32] which are mainly valid for rather large gap
costs where the in
uence of the gaps on the Gumbel parameters is not yet too
strong. In addition, an analytical schemehasbeenusedto successfullycalculate
the Gumbel parameter � , which describes the tail of the Gumbel distribution,
for just one particular scoring system [8,10]. In this paper, we will present a
novel approach that calculates � for a variety of scoring schemeswhile drasti-
cally reducing the time required to calculate � and retaining a high degreeof
precision in the solution. This approach will expand upon and combine the dif-
ferent analytical works devisedin [8,10] and [16,17], creating a new schemefor
calculating � using the numerical tools of [29]. Once� is known, it then becomes
a simple matter to extract the remaining Gumbel parameter,which characterizes
the mean of the scoredistribution, numerically via e.g., the island method [34,
4] or direct simulation.

In section2, wewill present an abbreviated review of sequencealignment. We
then point out that, although � is intrinsically a quantit y of local alignments, it
may be calculated from solely studying the simpler global alignment algorithm.
Under somevery moderate approximation we then brie
y reformulate the prob-
lem of �nding � in terms of an eigenvalue equation, as done with more detail
in [8,10]. We then show the feasibility of our novel approach by comparing the
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results from this new method with establishedanalytical [8] and numerical [4]
methods for a variety of scoring systems.

2 Review of Sequence Alignmen t

In the vast majorit y of sequencealignment applications, gapped alignment is
usedas the fundamental alignment technique. Gapped alignment looks for sim-
ilarities between two sequencesa = a1a2 : : : aM , and b = b1b2 : : : bN of length
M and N respectively. The letters ai and bj are taken from an alphabet of size
c. This may be the four letter alphabet f A,C,G,Tg of DNA or the twenty letter
amino-acid alphabet. Here, we consider Smith-Waterman local alignment [38].
In this case,a possiblealignment A consistsof two substringsof the two original
sequencesa and b. These subsequencesmay have di�eren t lengths, since gaps
may be inserted in the alignment. For example,the two subsequencesGATGCand
GCTCmay be aligned as GATGCand GCT-Cusing one gap. Each such alignment
A is assigneda scoreaccording to S[A ] =

P
(a;b)2A sa;b � � Ng where the sum

is taken over all pairs of aligned letters, Ng is the total number of gaps in the
alignment, � is an additional scoringparameter, the \gap cost," and sa;b is some
given \scoring matrix" measuring the mutual degreeof similarit y between the
di�eren t letters of the alphabet. A simple example, the match-mismatch matrix

sa;b =
�

1 a = b
� � a 6= b

(1)

is usedfor DNA sequencecomparisons[33]. For protein sequences,normally the
20 x 20 PAM [13] or BLOSUM matrices [21] are used. Practical applications
usually usethe more complicated a�ne gap cost. For the purposeof clarit y, the
following will only consider the caseof linear gap cost. However, we want to
stressthat our approach is applicable to a�ne gap costsas well as discussedat
the end of the manuscript. The computational task is to �nd the subsequences
which give the highesttotal scorefor a given scoring matrix sa;b

� � max
A

S[A]: (2)

The task is to �nd the alignment A with the highest scoreas in Eq. (2). This
can be very e�cien tly done by a dynamic programming method which becomes
obvious in the alignment path representation [33]. In this representation, the two
sequencesto be comparedare written on the edgesof a squarelattice asshown in
Fig. 1 wherewe choseL � M = N . Each directed path on this lattice represents
one possible alignment. The score of this alignment is the sum over the local
scoresof the traversedbonds. Diagonal bonds correspond to gapsand carry the
score� � . Horizontal bondsare assignedthe similarit y scoress(r; t) � sa;b where
a and b are the letters of the two sequencesbelonging to the position (r; t) as
shown in Fig. 1.

If interested in �nding the highest scoring global alignment of the two se-
quencesa and b, one �nds the best scoring path connecting the beginning (0; 0)
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Fig. 1. Local alignment of two sequences.This �gure shows the alignment of CGATGCT
and TGCTCGArepresented as a directed path on the alignment lattice. The highlighted
alignment path r (t) corresponds to one possiblealignment of two subsequences,GATGC
to GCT-C. This path contains one gap. It is also shown how the coordinates r and t are
used to identify the nodes of the lattice.

to the end (0; 2L ). This path can be found e�cien tly by de�ning the auxiliary
quantit y h(r; t) to be the scoreof the best path ending in the lattice point (r; t)
with initial conditions h(t; t) = � t� = h(� t; t). This quantit y can be calculated
recursively by the Needleman-Wunsch dynamic programming algorithm [33]

h(r; t + 1) = maxf h(r; t � 1) + s(r; t); h(r � 1; t) � � g: (3)

For local alignments, the Smith-Waterman algorithm [38], supplemented by
the initial conditions S(t; t) = 0 = S(� t; t), describesthe appropriate recursion

S(r; t + 1) = maxf S(r; t � 1) + s(r; t); S(r � 1; t) � � ; 0g: (4)

The scoreof the best local alignment is then given by � = maxr ;t S(r; t).
Characterizing the statistical signi�cance of alignments requires the distri-

bution of � for the alignment of two random sequenceswhose elements, ak 's
and bk 's, are generatedindependently from the samefrequenciespa as the query
sequences,and scoredusing the scoring matrix sa;b . In the gaplesslimit where
� ! 1 , this distribution of � hasbeenworked out rigorously for the regimeper-
tinent to signi�cance assessment | i.e. in the logarithmic phasecharacterizedby
a negative hsi � � a;bpapbsa;b and � / logL [7,25,26]. For scoring parameters
in the logarithmic phase,it is a Gumbel or extreme value distribution given by

Prf � < Sg = exp(� �e � �S ): (5)

This distribution is characterized by the two parameters � and � with � giv-
ing the tail of the distribution and � � 1 log � describing the mean. For gapless
alignment, theseparameterscan be explicitly calculated [25,26] from the scoring
matrix sa;b and the letter frequenciespa . For example, � is the unique positive
solution of the equation

hexp(�s )i �
X

a;b

papb exp(�s a;b) = 1: (6)
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In the presenceof gaps, one can still distinguish a logarithmic phase [40]. If
the parameters are chosensuch that the expected global alignment scoredrifts
downwards on average, then the averagemaximum scoreh� i for gapped local
alignment remains proportional to the logarithm of the sequencelength, as in
the logarithmic phase of gaplessalignment. The reduced value of h� i in the
logarithmic phasemakesit the regime of choice for homology detection.

Again, the distribution of � must be known for local alignments of random
sequencesin order to characterize the statistical signi�cance of local alignment.
There exists no rigorous theory for this distribution in the presenceof gaps.
However, a slew of empirical evidencestrongly suggeststhat the distribution of
local scoresdescribes the Gumbel distribution [39,12,30,41,42,2]. In practice,
they have to be determined empirically by time consuming simulations [4]. In
the absenceof a more e�cien t meansof calculating � and � , the useof adaptive
schemessuch as PSI-BLAST or more �nely tuned signi�cance assessment for
various letter compositions remainselusive. Below we will present a new method
to calculate the parameter � , aswell as an explicit calculation of this parameter
for somesimple scoring systems,that can resolve this dilemma. Since � deter-
mines the mean and not tail of the distribution, � can always be determined
e�cien tly by simulation once � is known. The method outlined here may also
be applied directly to more complex scoring schemes,e.g., a�ne gap costs.

3 Review of Signi�cance Estimation using Global
Alignmen t as a Dynamic Pro cess

As a �rst and very crucial step, we will use the fact that, accepting the em-
pirical applicabilit y of the Gumbel distribution to gapped local alignment, the
parameter � , describingthe tail of the Gumbel distribution, can be derivedsolely
from studying the much simpler global alignment (3). This hasbeenshown in [8,
10]. For our purposes,we will recast the result from [8,10] in the following form.

Let us de�ne the generating function

ZL (
 ; 
 ) � hexp[
 h(0; L )]i (7)

where the brackets h�i denote the ensemble averageover all choicesof random
sequencesa, b and h(0; L ) is the global alignment scoreat the end of a lattice
of length L as shown in Fig. 2(a), and 
 summarizesthe parameterspa , � , and
� that contribute to the evaluation of h(0; L ). This scorecan be obtained from
the recursion relation (3) with initial condition h(r; 0) = 0. Let us now de�ne

� (
 ; 
 ) = lim
L !1

1
L

logZL (
 ; 
 ) (8)

Then accordingto [8,10] the parameter � of the Gumbel distribution is obtained
as the unique positive solution of the equation

� (� ; 
 ) = 0: (9)
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Note that this condition reducessimply to Eq. (6) in the caseof gaplessalign-
ment, sincefor in�nite gapcost � , wehavehexp[
 h(0; L )]i = hexp[


P L= 2
k=1 s(0; 2k�

1)]i = hexp[
 s]i
L
2 and thus � (
 ; 
 ) = 1

2 loghexp(
 S)i .
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Fig. 2. Global alignment lattice used for signi�cance estimation. (a) shows the right
half of the lattice from Fig. 1. It can represent all possiblepaths of length L which end
at the point (r ; t ) = (0; L ) and start at (r ; 0) for an arbitrary r . (b) shows with the gray
lines, how the triangular lattice similar to the one shown in (a) can be embedded into
a rectangular alignment lattice of width 2W with periodic boundary conditions in the
spatial (vertical) direction as long as L < W .

In order to calculate � (
 ; 
 ), instead of the triangular alignment lattice
shown in Fig. 2(a), we utilize the rectangular lattice of 2W lattice points shown
in Fig. 2(b). Across the lattice, we apply periodic boundary conditions h(0; t) =
h(2W; t) for all t. De�ning the generatingfunction of the �nite width ZL;W (
 ; 
 )
by Eq. (7) with h(r; t) calculated on the lattice of width 2W , we intro duce

� W (
 ; 
 ) = lim
L !1

1
L

ZL;W (
 ; 
 ): (10)

The function � (
 ; 
 ) on the original lattice is then given by

� (
 ; 
 ) = lim
W !1

� W (
 ; 
 ): (11)

Thus, our approach will be to �rst calculate � W (
 ; 
 ) for somesmall W 's and
then take the limit for large W . Indeed, the major contribution of this work is
the procedure for successfullyextrapolating the in�nite W limit � (
 ; 
 ) from
� W (
 ; 
 ) calculated for a few small W 's. Further details will be given in sec-
tion 4. Here, we stressthat this methodology may be usedin order to calculate
� (
 ; 
 ) from � W (
 ; 
 ) regardlessof the speci�c scoringschemeand parameters
including a�ne gap costs.Our method appliesequally to all meansavailable for
calculating � W (
 ; 
 ). Ultimately once� (
 ; 
 ) hasbeendetermined, we will use
Eq. (9) to infer the value of the parameter � characterizing local alignment.

In order to illustrate our method as clearly aspossible,we will specializethe
remaining discussionto the match{mismatch scoring system given by Eq. (1)
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and even restrict the spaceof allowable scoring parametersfurther as discussed
below. For this scoring scheme, we can utilize results from [8,10] to calculate
� W (
 ; 
 ) for small widths W . Thus, we will next review the appropriate results
from [8,10].For the readerwho is uninterestedin the speci�cs of how � W (
 ; 
 ) is
calculated here,we suggestskipping forward to the third paragraph of section4.
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Fig. 3. (a)This �gure illustrates the constraint given by Eq. (12). The straight lines
plot those � { � valuesthat obey the constraint. For any point on theselines, the solution
for � may be obtained using the method given in this presentation. The logarithmic
phase is above the solid line denoting the phase transition. The phase transition line
was obtained from [7] and has been supplied here for reference. (b)Building blocks of
the alignment lattice. By construction r and t are either both even or both odd. This
�gure shows the relation betweenthe scoresat the lattice points and the bond variables
d(r ; t ).

In addition to specializing to the match{mismatch scoring system, we con-
strain � and � such that

2� = n(1 + � ) � 1 with n 2 N : (12)

This technical condition is necessaryin order to utilize the results from [8,10].
However, it is not a very severe condition since the (�; � ){pairs that ful�ll this
condition can be found all over the � { � plane as shown in Fig. 3(a).

The sole approximation neglects the correlations arising between the local
scoress(r; t) from the fact that all M � N local scoresare generated by just
M + N randomly drawn letters. Instead of taking thesecorrelations into account,
we intro duceuncorrelated random variables� (r; t) 2 f 1; � � g replacing the s(r; t)
calculated from the letters in the sequences,i.e.,

Prf8 r ;t � (r; t) = � r ;t g =
Y

r ;t

Prf � (r; t) = � r ;t g (13)

with match probabilit y Prf � (r; t) = 1g =
P

a= b p2
a � p and mismatch proba-

bilit y Prf � (r; t) = � � g =
P

a6= b papb = 1 � p. This approximation, also known
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as the Bernoulli randomnessapproximation, is known to change characteristic
quantities of sequencealignment only slightly [14,15,5,6,9,19,11]. This gen-
eral property has beencon�rmed through numerical studies speci�cally for the
quantit y of interest here � [8]. Numerical evidencefor the similarit y betweenthe
valuesfor � with and without this approximation [8] is reproduced in Fig. 4.

In [8,10] it was argued that the calculation of � W (
 ; 
 ) can be cast as an
eigenvalue problem. Realizing this requires that we intro duce score di�er ences
d(r; t) asde�ned in Fig. 3(b) and apply them to the �nite width picture drawn in
Fig. 2(b). Solelyfrom the Needleman-Wunsch recursionrelation givenby Eq. (3),
several important properties of thesescoredi�erences can be derived [8,10]: (i)
the scoredi�erences can only have n + 1 di�eren t valueswhere n is the natural
integer characterizing the choice of � and � according to Eq. (12); (ii) the score
di�erences d(r; t + 1) can be calculated from the knowledgeof the d(r; t) and the
random variables � (r; t) without referenceto the h(r; t); (iii) the scoreincreases
h(r; t + 1) � h(r; t) can be calculated from the scoredi�erences d(r; t) and the
random variable � (r; t). The �rst two statements together with the uncorrelated
bonds � (r; t) assumedin Eq. (13) imply that the dynamics of the scoredi�er-
encesd(r; t) can be viewed as a Markov processon the (n + 1)2W {dimensional
state spaceof the equal time di�erence vector (d(0; t); d(1; t); : : : ; d(2W; t)). This
Markov processmay be described by a transfer matrix T̂W (0; 
 ). The entries
of this transfer matrix encode the probabilities of the di�eren t con�gurations
of the � (r; t) in terms of the match probabilit y p and the transitions between
the state vectors that thesecon�gurations of the � (r; t) imply. Finally, property
(iii) allows us to modify the transfer matrix in such a way that it keepstrack
of the changesin the absolute scoreh(r; t). The curious reader may refer to [10]
which provides a detailed explanation of how this p-dependent modi�ed transfer
matrix T̂W (
 ; 
 ) is obtained. This modi�ed transfer matrix allows us to write

ZL;W (
 ; 
 ) = vT T̂W (
 ; 
 )L w � e

 L
2 (14)

with some�xed (n + 1)2W {dimensional vectorsv and w . For large L the matrix
product is dominated by the largest eigenvalue � W (
 ; 
 ) which leadsto

� W (
 ; 
 ) = log � W (
 ; 
 ) +


2

: (15)

For the very simplest scoring system consistent with condition (12), i.e., n =
1 where � = 2� , the analytical limit of lim W !1 � W (
 ; 
 ) can be taken and
Eq. (15) yields the closedanalytical result [10]

1 +
p

pexp[�
2 (1 + � )]

1 +
p

pexp[� �
2 (1 + � )]

exp[�
�
2

� ] = 1: (16)

For scoring systemsof greater complexity, i.e., larger n, analytic solutions
are not readily available for � . Next, we will present an approach that combines
the power of computational numericsand the known analytical properties of the
dynamic processdescribed above in order to calculate � (
 ; 
 ).
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4 Numerical Calculation for More Complex Scoring
Systems

The main obstacleto obtaining the function � (
 ; 
 ) (and consequently the Gum-
bel parameter � ) for more complex scoring systemsis the extrapolation (11) of
� (
 ; 
 ) from its �nite width counterparts � W (
 ; 
 ). In order to get a reliable
estimate of the function � (
 ; 
 ) we need two ingredients: First, we have to be
able to calculate � W (
 ; 
 ) for as large W as reasonably possible. We will do
this using the high performancenumerical packageARPACK [29] as described
in the next paragraph. Second,we have to extrapolate from as few �nite width
results as possibletoward the in�nite width limit � (
 ; 
 ). The latter is doneby
using someresults from statistical physics and is the main contribution of this
manuscript.

The size of the state space,as well as the size of the characteristic matrix
T̂W grows rapidly with the integer n and the width W . Even after exploiting
various symmetries, the problem roughly behaves like (n + 1)2W =nW. Solving
for all eigenvaluesin order to discern the greatest quickly becomesexhaustively
expensive for n > 1. However, two features of this eigenvalue problem succor
this otherwise hopelesstask for moderate valuesof n and W . First, the matrix
T̂W is very sparse.The number of non-zero elements grows close to linearly,
namely as O(k logk), where k represents the size of T̂ . Second,this problem
only requires the largest eigenvalue � W (
 ; 
 ) and not all the eigenvalues. This
makesit well suited for the implicitly restarted Arnoldi method (IRAM) [36,28].
The numerical software package ARPACK [29], which implements IRAM, has
been tested as the fastest and most dependable program for �nding numerical
eigenvalues and eigenvectors [27]. Indeed, in our context ARPACK allows for
the quick and speci�c calculation of only the largest eigenvalue � W (
 ; 
 ) of the
sparsematrix T̂W for n < 7 for at least a few W .

Our accessiblenumerical solution for � W (
 ; 
 ), gainedvia the useof the nu-
merical software packageARPACK, directly gives � W (
 ; 
 ) by using Eq. (15).
However, the solutions we can obtain for somefew small widths W still skirt far
from the limit of in�nite W in Eq. (11). As such, � (
 ; 
 ) cannot be straight-
forwardly approximated from the available � W (
 ; 
 ) with any real accuracy.
In order to extrapolate from the � W (
 ; 
 ) for small �nite widths to their in�-
nite limit � (
 ; 
 ), we make useof two results obtained in the statistical physics
communit y. The �rst key result is that sequencealignment is a member of the
so-called Kardar-Parisi-Zhang (KPZ) universality class [23,22]. A universality
class is a large classof problems that are known to share certain quantitativ e
traits. The secondresult comesfrom work by Derrida et al., who were able to
calculate an exact solution for what amounts to our � W (
 ; 
 ) in a di�eren t sys-
tem of the sameuniversality class.Derrida et al. conjecture on generalgrounds
that their exact result for the deviation function � W (
 ; 
 ) � � (
 ; 
 ) from the
in�nite system is given by a universal scaling function, i.e., that it's shape re-
mains the samefor all members of the KPZ universality class[16,17]. Together,
thesetwo �ndings imply that our � W (
 ; 
 ) � � (
 ; 
 ) have the samefunctional
form as the Derrida et al. deviation function. Expressedin our notation, this
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means

� W (
 ; 
 ) = � (
 ; 
 ) �
a
 G(
 W 1=2b
 )

W 3=2
: (17)

where a
 and b
 are unknown scaling factors dependent on the particular pa-
rameters of the alignment 
 and the scaling function G has been explicitly
solved [16,17] (see appendix A). In order to use property (17) to extrapolate
� (
 ; 
 ) from � W (
 ; 
 ), a
 and b
 must be determined. To that end, we take
the di�erence

� W (
 ; 
 ) � � W � 1(
 ; 
 ) = a 
 G(
 W 1= 2 b
 )
W 3= 2 � a 
 G(
 (W � 1) 1= 2 b
 )

(W � 1) 3= 2 (18)

allowing us to eliminate the unknown function � (
 ; 
 ). We can numerically
evaluate the left hand side of this equation as a function of 
 . Knowing the
exact form of G means that on the right hand side only the scales,controlled
by a
 and b
 remain undetermined. The act of �nding thesetwo scaling factors
then becomesa matter of �tting the left hand side to the right hand side of
Eq. (18). Oncea
 and b
 have beendetermined, all that remains is to solve for
� using Eqs. (9) and (17)

� (� ; 
 ) = � W (� ; 
 ) �
a
 G(�W 1=2b
 )

W 3=2
= 0: (19)

The speci�cs of the computer algorithm usedin determining � follow. First,
we use computer algebra to generatethe structure of the transfer matrices T̂W

for di�eren t n and W . This processconsumesa great deal of time, however,
once done for every of the discrete combinations of n and W , the form of the
transfer matrices are recordedand can be reusedfor any choiceof mismatch cost
� (which �xes the gap cost � accordingto condition (12)) and match probabilit y
p. Once� and p are supplied and the numerical transfer matrix is tabulated, the
numerical tool ARPACK obtains the eigenvalues� W (
 ; 
 ) and � W � 1(
 ; 
 ) for

 = 0:8� gapless ; 0:9� gapless and � gapless where � gapless is the Gumbel parameter
� for the same� and p in the absenceof gaps (as calculated by using Eq. (6)).
These initial values, along with the tabulated function G, obtained from KPZ
theory, allow for the �rst approximations of a
 and b
 to be calculated. The
newly found scaling factors are then usedalong with Eq. (19) in order to choose
a new 
 � � by linear extrapolation toward the root. � W (
 ; 
 ) and � W � 1(
 ; 
 )
for this new 
 are then evaluated. The whole set of � -valuesthen feedsinto the
reevaluation of a
 and b
 . This processiterates until 
 convergesto the solution
for � .

5 Results for More Complex Scoring Systems

Table 1 summarizesthe performanceof the computer program outlined in sec-
tion 4. For each value of the integer n, a combination of � and � is chosenthat
leads to a gapped � of approximately � � 0:8� gapless . This is considered to
be the most relevant region for similarit y searches. Most importantly , table 1
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n � � W time(seconds) error(%) n � � W time(seconds) error(%)
1 2.2 1.1 2 0.4 0.1 3 0.9 2.35 2 < 0.1 1.6

3 0.4 0.5 3 0.1 0.3
4 0.3 0.1 4 0.3 0.2
5 0.2 < 0.1 5 4.3 0.2
6 0.2 < 0.1 6 108.2 0.2
7 0.2 < 0.1 4 0.7 2.9 2 0.1 8.7
8 0.3 < 0.1 3 0.1 < 0.1
9 1.4 < 0.1 4 1.0 0.2

10 4.7 < 0.1 5 39.0 0.2
11 26.4 < 0.1 5 0.7 3.75 2 0.1 < 0.1

2 1.5 2.0 2 < 0.1 0.2 3 0.2 < 0.1
3 0.1 0.4 4 5.3 < 0.1
4 0.3 0.4 6 0.55 4.15 2 0.1 3.2
5 0.6 0.4 3 1.1 0.3
6 2.2 0.4 4 39.5 < 0.1
7 26.5 0.4

Table 1. This table shows the calculation time and precision with which our algorithm
performs. This table was generated using a 2.4 GHz Intel r
 XeonTM processor. The
error percentages are based on comparisons of results obtained in the range where
� � 0:8� gapless using the island method [4]. The exception is for n = 1, where we
have an analytical solution (16), we calculate the error based on the results obtained
through the known equation. It should be noted that the percent error inherent in the
island method for the simple scoring system described by Eq. (1) is 0.5%.

shows us that � convergesfor W � 4. (Note that, except for n = 1 where the
referencevalue for � is determined from the exact equation (16), the statistical
error on the numerically determined referencevalues is 0.5% in and of itself.)
Our method lands almost all values within the error range of the numerically
determined values.This result veri�es just how reliably the �nite sizee�ects of
W are taken into account by the scaling form presented by Derrida et al. Sec-
ondly, table 1 shows that the evaluation of the Gumbel parameter � by our new
method for all but the largest W (which are unnecessary),�nishes in about a
secondor less.This comparesvery favorably with the fastest currently available
alternativ esfor obtaining � , i.e., the island method [4]. The major disadvantage
of using the island method for DNA signi�cance assessment lies in the amount of
time neededin order to accurately evaluate each data point | the samemachine
that produced the times in table 1 requires approximately a fortnigh t in order
to obtain an accuracyof 0.5%.

Fig. 4 givesan overview of the dependenceof � on the mismatch cost � for
di�eren t n. The lines show the values obtained by our method. In the n = 1
case,the solution of Eq. (16) is plotted aswell. It is quasi-indistinguishablefrom
the results of our new algorithm. For n > 1 the only way to obtain reference
valuesfor comparisonis by the island method the results of which are shown as
the points. Still, our method is within the statistical error of the numerical data
of the island method over the whole parameter range.
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Fig. 4. Values of � for the DNA alphabet (p = 0:25) as a function of the mismatch
cost � . The lines are the results of our new approach; the points are results from
stochastic simulation with the island method. The � -values for n = 1 verify well when
plotted against solutions of Eq. (16) (also shown as a line barely distinguishable from
the line representing the values calculated by our new method) and the island method
in [4]. The � -values for n = 2; 3; 4; 5, and 6 displayed here also match well with values
obtained from the island method. For n = 1, we also include points obtained without
use of the uncorrelated approximation Eq. (13). The correlated data obtained via the
island method generally compareswell with the uncorrelated points and only changes
the value of � slightly . The estimated error of the island method is approximately one
quarter of the symbol sizes.

6 Conclusions

We have presented a new numerical method to reliably calculate � with great
accuracy and very little computational e�ort. The e�ciency and dependability
of this method in characterizing the di�cult tail end of the Gumbel distribution
removesthe major impediment to gapped signi�cance assessment. As previously
stated, the remaining Gumbel parametermay beobtained from direct simulation
Furthermore, this algorithm grants real time accessto the Gumbel parameters
and allows for the possibility of updating schemessuch as PSI-BLAST to run
without resorting to a small set of pre-computedvalues.The gains in the abilit y
to calculate theseparameters not only aids sequencecomparison tools but also
furthers our abilit y to discern the most appropriate scoring schemes.We believe
that adaptation of these methods is possiblefor values of � and � that do not
adhereto the technical condition we imposedfor the purposeof our work. This
includesthe biologically practical and often useda�ne gapcost schemes.Indeed,
future e�orts will be directed at using thesemethods for the more complicated
a�ne gap costsas well as for correlated sequencealignments.
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A Deviation Function of the Particle Hopping

The deviation function GD as solved by Derrida et al. is independent of the
model parametersand has the following parametric form [16,17]

� =
2

p
�

Z 1

0
� 1=2 Ce� � d�

1 + Ce� � (20)

GD (� ) =
4

3
p

�

Z 1

0
� 3=2 Ce� � d�

1 + Ce� � : (21)

As C approaches-1 werequirea newrepresentation to gobeyond � � = limC !� 1 � .
The analytical continuation of GD (� ) is beyond � � given by the parametric
equations [16,17]

� = � 4
p

� [� ln( � C)]1=2 �
1X

q=1

(� C)qq� 3=2 (22)

GD (� ) =
8
3

p
� [� ln( � C)]3=2 �

1X

q=1

(� C)qq� 5=2; (23)

as C for these equation varies between0 and -1, this gives the function GD (� )
for all � < � � .

In the limit as � ! �1 [16,17],

GD (� ) � �
� 3

24�
(24)

implying that for large 
 ,

W � 3=2GD (
 W 1=2) � �

 3

24�
: (25)

This term is independent of W , i.e., of �nite sizee�ects. In order to appropriately
re
ect this, we include this W -independent term in � . Therefore, the function
G used in our methodology relates to the Derrida et al. solution for GD (� ) via
the equation G(� ) = GD (� ) + � 3=(24� ).


