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Abstract

Fluctuations are an intrinsic property of genetic networks due to the small nhumber
of interacting molecules. We study the role of dimerization reactions in controlling these
°uctuations in a simple genetic circuit with negative feedbak. We compare two di®erert
pathways. In the dimeric pathway the proteins to be regulated form dimers in solution
that afterward bind to an operator site and inhibit transcription. In the monomeric
pathway monomersbind to the operator site and then recruit another monomer to form
a dimer directly on the DNA. We nd that while both pathways implement the same
negative feedbadk mecdhanism, the protein number °uctuations in the dimeric pathway
are drastically reduced compared to the monomeric pathway. This di®erencein the
ability to reduce °uctuations may be of importance in the design of genetic networks.

1 Intro duction

Information processingin biological cells is often implemented by a genetic network. The
state of such a network is represeried by the concerrations and locations of the di®eren
speciesof molecules. A cell typically contains only small numbers of moleculesof eat kind.
The interactions between these moleculesoccur in a random fashion. Thus, there is an
intrinsic stochastic nature to biological information processing(McAdams & Shapiro, 1995;
McAdams & Arkin, 1997;McAdams & Arkin, 1999). In order to prevert detrimentally large
°uctuations in the number of moleculesof somespecies,the geneticnetwork itself can contain
negative feedba& mecdanismsthat suppressthese °uctuations (Savageau,1974;Becslei &
Serrano, 2000).

The most basic design for a noise suppressingfeedba& medanism consists of a gene
that codesfor a protein that in turn inhibits transcription of the geneitself (Hasty et al.,
2000; Thattai & van Oudenaarden,2001). The inhibition of transcription typically involves
binding of the protein to an operator regionin a way that competeswith the binding of RNA
polymerase. Often, the proteins bind asdimers or higher order multimers sincethis increases
the stability of the transcription factor DNA complex and allows for tighter regulation.
Binding DNA in the form of dimers allows for two possible scenarios: Either the dimers
assenble in solution and then bind to DNA as a preformed dimer (Ptashne et al., 1980) or
a monomer binds to DNA and afterward recruits a secondmonomer (Berger et al., 1998) to
form the DNA-dimer complex.

In this paper we therefore explore two di®erert regulatory networks. Our aim is to
understand their e®ectivenessnot only in cortrolling the mean number of proteins but in
reducing intrinsic stochastic °uctuations. Both models implement the same basic negative
feedba& mecdanism described above. They are basedon the well-studied , -phagein E. Coli.
In the "rst model, the protein dimerizesin the intracellular region rst and then binds to
an operator site on the DNA asrealized in , -phage (Ptashne et al., 1980). In the second
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network we considera casewherethe monomersdimerize only on the DNA asexempli ed by
the leucine zippers (Berger et al., 1998). We study the reaction equationsfor the two models
with biologically reasonablereaction rates chosento make the comparisonof the °uctuations
in the protein concerration meaningful. The main result is that although the averagenumber
of produced proteins is the samein both networks the intracellular dimerization reaction
reducesthe °uctuations dramatically beyond what the feedba& medanism can do by itself.
We elucidate the medanism of this reduction. It is based on the bu®ering by the fast
dimerization reaction of °uctuations arising from translation and transcription. While there
are many reasonswhy ewolution may chooseoneregulatory mecanism over another our work
points to an important added advantage which results from choosing certain mecanisms:
in caseswhere the smallnessof protein °uctuations in a negative feedba& scheme is an
important designrequiremert, our study points out one general mechanism by which this
can be accomplished.

2 Reactions and Metho ds

Reactions: We will start by specifying the chemical speciesand reactionsthat we will study.
Thesereactions represert a generic network with negative feedbad, sud asthe one found
in the cortrol circuit for the , repressorprotein cl of phage, in E. Coli. Our aim is to point
out a genericfeature of genetic networks of this type and we are not interestedin describing
speci cs of the , repressorsystem. Nevertheless,we will take advantage of the variety of
studies of the speci ¢ , repressorsystem (Arkin et al., 1998; Hasty et al., 2000; Thattai &
van Oudenaarden,2001) in guiding our choice of reasonablemodel parameters.

We rst describe the reactionscommonto both our networks represeiting the production
and deca of the proteins. In order to describe transcription and translation, we considerthe
free DNA D coding for the protein P to be regulated, the RNA polymeraseR, the complex
D" of RNA polymerasebound to the promoter site on the DNA molecule,and the mRNA M.
Then, transcription and translation are modeled as the single e®ecti irreversible reactions

p* f* D+M+R and 1)
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with reaction rates k; and k», respectively. The mRNA as well asthe protein are degraded
through the reactions
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with rate constarts ks and kg4, respectively. We assumethat even though the protein forms
dimers and complexeswith the DNA the degradation of the protein occurs predominartly in
the monomeric form (Gottesman & Maurizi, 1992). The complex between DNA and RNA
polymeraseis formed in the equilibrium reaction

D+R §* D, (5)
i5

with forward and badkward rates ks and k; s, respectively.

The negative feedbak medanismis introducedthrough a single repressiwe operator site.
A protein bound to this operator site prevents the binding of the RNA polymeraseto its
promoter site and thus inhibits transcription. In the systemswe are interestedin the protein
binds to the operator site asa dimer and we will denote the DNA-dimer complex by Q. We
investigate two di®erert pathways for the formation of the DNA-dimer complex. In the rst
network, asis realizedin , phageof E. Coli, the monomersP can form dimers P, in solution
and these dimers can then bind to the operator site. This dimeric pathway is described by



the reactions

op k}‘ P, ©6)
D+ P, kfl Q (7)

where the forward and badward rates of these two equations are denoted by kg, k; 6, k7,
and k; 7, respectively.

The alternativ e pathway is motivated by the behavior of leucine zipper proteins (Park et
al., 1996;Bergeret al., 1998). In this pathway a protein monomer rst forms a complexwith
the DNA by binding to the operator site asa monomer. We denote this complexby T. The
monomer-DNA complex can then recruit another monomerto form the DNA-dimer complex
Q. This monomeric pathway is described by reactions (1)-(5) and

D+P 58 T and (8)
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whereks, k; g, kg, and k; g are the forward and badkward rates, respectively.
In principle, both pathways exist in every genetic network with negative feedbadk of the

determineif dimerization in solution (Ptashne et al., 1980)or dimerization onthe DNA (Berger
et al., 1998)is the predominant pathway. Sincewe want to study the implications of choosing
one pathway over the other, we will considerboth pathways one at a time. To this end, we
will “rst considerthe reactions Egs. (1)-(7) by themselves. We will call them model D. Then,
we will comparethe behavior of model D with model M de ned by Egs. (1)-(5) and (8)-(9).
Rate constants: In order to choosebiologically reasonablevaluesfor the rate constarts

tein in E. Coli. The transcription reaction Eqg. (1) is limited in rate by the isomerization
of the RNA polymerase from the closedinto the open form (McClure, 1980). While the
inhibitory operator site of interest in this work is the operator site Or3 the RNA polymerase
isomerization rate dependsalso on the status of operator Ogr,. If Og2 is not occupied, the
rate is rather small while the rate is much larger if Ogr» is occupied. We want to understand
the genericfeatures of a genetic circuit with negative feedbad and are not interested in de-
scribing the speci cs of , repressor. Thus, we omit the complication of the operator site Or
and chooseas a biologically reasonablenumber the higher rate corresponding to an occupied
operator Og». This yields k; = 0:0078&' ! (Hawley & McClure, 1982).

For the rate ks of MRNA degradation we use a typical half-life of 3min (Alberts et al.,
1994). This yields k3 = In2=3min = 0:003% *. In order to achieve the averagenumber of
11 proteins per open complex (Shea& Ackers, 1985) this alsoimplies k, = 11kz = 0:043' 1.
Finally, we extract the protein monomerdecay rate ks = 0:000%' * from Arkin et al. (1998)
chosento match the degradation rate of , repressordue to cell-gronth induced dilution.

For the other reactions it is more dizcult to obtain preciserate constarts. The equi-
librium constarts of Egs. (5)-(7) are Ks = k; 5=ks = 8nM (Shea & Ackers, 1985) K¢ =
ki 6=ks = 20nM (Sauer, 1979), and K; = k; 7=k; = 75nM (Ackers et al., 1982), respec-
tively. As long as these reactions are much faster than Egs. (1)-(4) the actual values of
the rate constarts are only of minor importance as long as they respect the experimentally
determined equilibrium constarts (Bundschuh, Hayot, & Jayaprakash, in preparation); our
choicesof the individual rate constarts will, howewver, be guided by experimental obsena-
tions where available. For reaction Eq. (5) rate constarts of 0:056s 1(nM )i 1 and 0:2s' * are
known for the RNA polymeraseof phageT7 (Ujvari & Martin, 1996). Assumingthat E. Coli
RNA polymerasefollows similar kinetics but with a slightly di®erer rate constart we choose
ks = 0:03&' 1(nM )i 1 and k; 5 = 0:3si 1. The binding kinetics of , repressordimer to DNA
should be of a similar order of magnitude but with an equilibrium constart of K; = 75nM .



Thus, we choosek; = 0:01%1 }(nM )i 1 and k; 7 = 0:9si 1. While the individual rate con-
stants for the dimerization reaction Eg. (6) are not known, to the best of our knowledge, we
make the reasonablechoice ks = 0:025 (nM )i 1 and k; ¢ = 0:5s' ! of Arkin et al. (1998).

The rate constarts kg, k; g, kg, and k; ¢ have to be chosensud that a sensiblecomparison
of model D and model M is possible. If Kg = k; g=kg and Kg = k; 9=kg are the respective
equilibrium constarts of reactions Egs. (8) and (9) this meansthat the total equilibrium
constart betweenthe dimer-DNA complex and the monomer hasto be identical in the two
models, i.e., KgKg = KgK7 = 15000M )?. Sinceapart from this constraint we do not know
which value of the individual equilibrium constarts should be chosen,wevary K g in the range
from 2nM to 400nM and adapt Kg appropriately. It will turn out that our results do not
changessigni cantly over the whole range of valuesfor the equilibrium constart Kg. Again,
the individual rates kg, k; s, k9, and k; g should not matter aslong as they are faster than
transcriptlﬁrﬁmdtranslation and respegt the equilibrium constarts. Todaﬁpeci_c, we choose
ki 9= 0:2 st 1(nM )i 172 kg = 0:2=" Kos! }(nM )i 172k, g = 7:75= Kygs! }{(nM )12, and
kg = 0:00526 Kgsi }(nM )i 3=2,

Simulations: The reactions outlined above were numerically studied with the Gillespie
algorithm (Gillespie, 1977). The intrinsic quartities the Gillespie algorithm acts on are not
the concerrations but the actual numbers of moleculesof ead species. Thus, the Gillespie
algorithm can correctly take all e®ectsof the discrete number of moleculespreser in a cell
at a given time into accourt. Instead of rate constarts k;, all reactions are characterized in
the Gillespie framework by reaction probabilities ¢; per secondand per molecule. Theseare
related to the rate constarts ki by powersof the volume V of the systemwhere the exponert
of V dependson the reaction (Gillespie, 1977). Sincethe volume V of an E. Coli cell canbe
conveniertly written asV = 1=1nM , the actual numerical valuesof the reaction probabilities
G in the Gillespie framework are identical to the numerical valuesof the reaction rates k; as
long as the latter are expressedin nM . At the sametime concerrations measuredin nM
also directly correspond to the number of moleculesof the respective speciesin an E. Coli
cell.

Within the Gillespie algorithm the state of the systemat a given time is described by the
numbersof moleculesof eat species.In eadt step of the simulation, the reaction probabilities
¢ per secondand per moleculefor ead reaction equation are multiplied by the numbers of
molecules of the specieson the left hand side of the corresponding reaction equation in
order to obtain the total probability per secondfor eat reaction to occur. Following these
probabilities the next reaction to occur in the systemis chosenrandomly and it is determined
how many secondgor fractions thereof) passuntil this reaction takesplace. Then, the chosen
reaction equation is usedto update the numbersof moleculesof ead species,i.e., the numbers
of moleculeson the left hand side of the reaction equation are reduced and the numbers on
the right hand side are increased. If the preset simulation time has not been reacted the
reaction probabilities for the new numbers of moleculesare calculated and the next reaction
is chosen.

For every choice of the rate constarts, the Gillespie algorithm wasusedto simulate 10,000
independert time coursesof the genetic network starting with a single DNA moleculeand 30
moleculesof RNA polymerase(McClure, 1983). Each of the 10,000 instanceswas run until
50;000s of reaction time were simulated. By observingthe number of self-regulating proteins
as a function of reaction time, it was ensuredthat the system is well in the stationary
state after this time (as also suggestedby the slowest characteristic time 1=k, ¥ 15005
of the system.) Fig. 1(a) shows time coursesof the number of monomers p during the
last three secondsof three di®erert instances. From ead of the 10,000 instancesthe nal
number of monomers p was extracted as indicated by the circles for the three instances
shown in Fig. 1(a). The histogram of these 10,000 independert numbers shovn in Fig. 1(b)
approximates the distribution P(p) of the number p of monomersin the stationary state.

1in Arkin et al. (1998) the rate constant ke is actually by a factor of 2 higher which is probably due to
the combinatorial factor of two asscciated with a reaction involving two identical molecules on the left hand
side of Eq. (6) (Gillespie, 1977).



From this distribution the averagenumber tpi of monomersand the Fano factor
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characterizing its °uctuations are calculated.
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Figure 1: Simulated number of monomersfor model D. (a) shows the number of monomers
p asa function of time t for the last three secondsof three independert simulations of model
D with a total length of 50;,000s each. The circles on the right hand side denote the nal

values of the monomer number p for ead instance. In (b) the histogram of 10,000 of these
“nal protein numbersis shovn. From this histogram the averagevalue hpi of the number of
monomersand the Fano factor f are calculated.

3 Results

We determine the stationary values of the average number hpi of monomersand its °uc-
tuations for two di®eren gene network models with negative feedbad through computer
simulations with the Gillespie algorithm (Gillespie, 1977). The two models studied corre-
spond to the two possible pathways of binding a protein dimer to the operator site on the
DNA molecule. Model D assumeshat the protein dimerizesin solution and that thesedimers
then bind to the operator site. Model M on the cortrary assumesthat a monomer binds to
the operator site and then recruits another monomer from the solution to form a dimer. We
choose biologically reasonablereaction rates for both models guided by the measuredrate



constarts of the , repressorgenecl in E. Coli. One parameter remainsundetermined, namely
the equilibrium constart K¢ betweenthe complexesof the protein monomer and DNA and
the protein dimer and DNA respectively.
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Figure 2: Average number hpi of protein monomers. The dashedline corresponds to the
value hpi ¥4 62:6 for model D with dimerization in solution. The circles showv the dependence
of the averagenumber hpi of proteins as a function of the equilibrium constart K¢ in model
M with dimerization only on the DNA. For small valuesof the equilibrium constart K g there
is no di®erencebetweenthe averagenumber of proteins in models M and D.

Fig. 2 shows the average number of protein monomers. The result for model D is
hpi ¥4 62:6. It is indicated asthe dashedline. The circles show the dependenceof the aver-
age number of monomerson the equilibrium constart Kg in model M. Small values of the
equilibrium constart K¢ correspond to a situation wherethe equilibrium betweenmonomeric
and dimeric moleculesbound to the operator site is far on the side of the dimers. In this
casethe genetic network regulatesthe averagenumber of monomersin model M to the same
value asin model D. This con rms, that purely from the point of view of the averagenumber
of monomers,the dimeric pathway in model D and the monomeric pathway in model M are
equivalent.

The di®erencein the feedba& medanism between model D and model M is that in
model M not only the DNA-dimer complex Q but alsothe DNA-monomer complex T com-
peteswith the RNA polymerasefor the DNA. If the number of protein monomersin solution
is 'xed the ratio betweenthe DNA-dimer complex and free DNA remains unchanged as
Kg is varied since we hold the product KgKg constart. Howewer, the ratio between the
DNA-monomer complex and free DNA increasesas K¢ becomeslarger. This leadsto an
increasedinhibition of transcription that in turn results in the obsered reduction in the
averagenumber of protein monomersin solution.

We characterize the magnitude of the °uctuations in terms of the Fano factor f =
ht p?i=hpi. The Fano factor equalsone for a Poissondistribution and deviations from one
indicate how much larger or smaller the °uctuations are in comparisonwith the °uctuations
in a Poissonprocess.

Fig. 3(a) shaws the Fano factors resulting from our simulations. Model D exhibits a Fano
factor of f % 1:4 indicated by the dashedline. In model M we nd that the Fano factor is
approximately 6:3 relatively insensitive to the value of the equilibrium constart K¢ over a
wide range as seenin Fig. 3(a). Thus we concludethat the intrinsic stochastic °uctuations
in the number of protein moleculesin the monomeric form, as measuredby the Fano factor,
are four times larger in model M than in model D.

This di®erencein Fano factor depends on the equilibrium constart K4 of the dimeriza-
tion reaction. If Kg becomesvery large the equilibrium between monomersand dimers is
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Figure 3: Fanofactor f = h¢ p?i=hpi characterizing the °uctuations of the number of protein
monomers. In (a) circles showv the Fano factor f %2 6:3 as a function of the equilibrium
constart Kg in model M with dimerization only on the DNA. The dashedline corresponds
to the value f Y4 1:4 for model D with dimerization in solution at the biological value
Ke = 20nM of the equilibrium constart of the dimerization reaction. In (b) the equilibrium
constart Kg of the dimerization reaction in model D is varied. The circles show the Fano
factor of model D while the dashedline indicates the Fano factor f % 6:3 of model M.

completely on the side of the monomersand only very rarely a dimer is in solution that can
then bind to the DNA. This e®ectiwely restoresthe situation of model M and thus a larger
Fano factor is expected. We test this hypothesisby varying the equilibrium constart K in
model D while keeping the product K¢K 7 constart in order to not change the underlying
regulatory network. We verify that the average number hpi of monomersdoes not depend
on K¢ unlessKg becomesvery small. Howewer, the °uctuations as quanti ed by the Fano
factor shawvn in Fig. 3(b) increasewith increasingK as expected. They approad the Fano
factor f % 6:3 of model M for very large K¢ while they approach f % 1 for small Kg. We
concludethat within model D the exciency of the reduction of °uctuations can be adjusted
by changing the equilibrium constart K¢ of the dimerization. The value Kg = 20nM for
repressoralready achieves nearly maximal suppressionof the °uctuations.



4 Discussion

Our numerical studiesindicate that there is a signi cant di®erencebetweenthe °uctuations

in the number of protein monomers between models with monomeric and dimeric DNA

binding. The negative feedba& medanism itself of the genetic networks studied behaves
identically whether the protein dimers bound to the operator site are bound via dimerization

in solution and successie binding to the DNA or via binding of a monomerto the DNA with

successie recruitment of a secondmonomerto form the dimer directly on the operator site.
This is demonstrated by showing that the stationary average number of protein monomers
doesnot depend on the pathway usedfor dimer formation on the operator site (at least for
certain compatible choicesof the reaction rates.) However, the °uctuations in the number of
protein monomersare much strongerin the monomericpathway than in the dimeric pathway.
Thus, if cortrolling °uctuations in the monomer concerration is a critical design criterion

for a genetic network, it is much more e®ective to employ the negative feedbak through the
dimeric pathway than through the monomeric pathway. We note in passingthat we can also
study the °uctuations of the number p, of dimers (in the dimeric pathway.) We "nd for the
Fano factor f, = h¢ p3i=hp,i of the dimer population f, % 6:5. This is comparableto the
Fano factor for °uctuations of the monomer concerration in the monomeric pathway. A
di®erent measureof the °uctuations sud asthe ratio of the standard deviation to the mean
would indicate that the °uctuations in the dimeric pathway are somewhatlower. Therefore, if
cortrolling the °uctuations in the binding specieswerethe only criterion the dimeric pathway
only provides a slight advantage.

We now provide a qualitativ e explanation for the e®ectivenessof the dimeric pathway
in controlling the °uctuations in the number of proteins. The di®erencebetween the two
pathways is that in the dimeric pathway the equilibrium between protein monomers and
protein dimers provides an additional bu®er that reducesthe °uctuations of the number
of monomers. A °uctuation in the number of translated proteins is largely absorbed by
the dimerization. Although the number of monomersis the samein both pathways, in the
dimeric pathway there are actually i “~ hpi + 2hp,i proteins in the solution wherep, denotes
the number of protein dimers. In our simulation of model D we estimate i ¥4 455. The two
relations mi ~ hpi + 2hp,i and hpi? = 20mp,i yield that every protein translated (i.e., every
increaseof mMi by one) increasesthe number hpi of monomersonly by 0:074. The rest of the
proteins are absorbed by the dimer population in solution. This dimer population in solution
is absen in the caseof the monomeric pathway. This bu®eringshould reducethe °uctuations
in the caseof the dimeric pathway by a factor of 1=0:074 % 135 in comparison with the
monomeric pathway. This e®ectbecomesweaker asthe equilibrium between monomersand
dimers shifts more toward the monomersideasis obsenedin Fig. 3(b). It only dependsonthe
existenceof the dimerization reaction. Thus, if both pathways are presert simultaneously and
Ko is small such that inhibition by monomersbound to the DNA is negligible the reduction
in °uctuations is the sameas in model D as we veri ed by a simulation of a model with
both pathways. If K¢ becomedarge, the inhibition by monomersbound to the DNA reduces
the number of monomerstpi exactly like in model M. This reduction makes the bu®ering
medanism of the dimerization reaction lessexcient. Nevertheless,the Fano factor for the
combined model remains closeto its value for model D: for K¢ = 400 where hpi ¥4 32:6 the
Fano factor is f % 1:8 and thus much smaller than in model M.

The actual obsened reduction of the °uctuations is only by a factor of 4 which is lessthan
the expected 135 accordingto the argumert above. The reasonis that we have not taken
into accourt the additional °uctuations assaiated with the monomer-dimerequilibrium. The
dimerization reaction Eq. (6) by itself with a xed total number of n = 455exhibits monomer
number °uctuations characterized by a Fano factor of f 4, %2 0:9 at Kg = 20nM . This value
can be obtained analytically or numerically by simulating the dimerization reaction Eq. (6)
by itself with the Gillespie algorithm. Togetherwith the °uctuations fyans ¥ 6:3=13:5 ¥4 0:5
intro ducedby the translation reaction discussedabove this explainsthe measuredFano factor
f Yafgim + frans ¥4 1:4 of the complete dimeric system. We concludethat the °uctuations of
the number of protein monomersdue to the dimerization reaction are the larger contribution



to the Fano factor in the dimeric pathway.

5 Conclusions

We have studied a model systemfor geneautoregulation, which relies on an inhibitory feed-
back e®ectedby the formation of a dimer-DNA complex. It derivesfrom phage, and appears
typical for a large class of self-regulatory biological systems. The values we have used for
the rate constarts of the reactions consideredare derived from experiment wherewer possible.
We do not expect our general conclusionsto be too sensitive to variations in the individual
rate constarts aslong asthe DNA binding and dimerization reactions can be consideredfast
comparedto the translation and transcription reactions.

There are two possible ways to implement negative feedbad by protein dimers, where
dimerization occurs either in solution or on the DNA itself through successie binding of
monomers. Although the negative feedba& pathway is common, and the averagenumber of
protein monomersnearly the same,we show that °uctuations in their number di®er dramat-
ically from one way to the other. We have veri ed, that the samescenarioholds if dimers
are replacedby tetramers and we believe our result to hold for any order of multimers.

We have highlighted the crucial role played by intracellular dimerization reactions in
absorbing °uctuations which occur in the number of produced proteins, and shawv that °uc-
tuations of the latter are actually dominated by equilibrium °uctuations of the dimerization
reaction itself.

In general, many di®erent and potentially contradictory aspects have to be taken into
accourt in designinga speci ¢ geneticnetwork. If the cortrol of °uctuations of the monomer
population is a major designgoal our study shows that this strongly favors the implementa-
tion of the dimeric over the monomeric pathway.
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